The limitations of capabilities of the existing mathematical weather prediction (in cluding forecasting for weathersensitive individuals) cannot be duly realized now adays due to the fact that till now there is no proof of the existence and uniqueness of smooth solutions of the threedimensional (3D) NavierStokes equation (in any finite period of time).
due to instability of a deterministic continual dynamic system described by the NS equation. In this case, the problem of the appearance and development of turbulence is linked to the problem of self-organization of coherent structures emerging from chaos and to the associated issues of nonrandom randomness in an individual life of a human and in life spans of living species treated in the context of the Sinai billiards [2] .
However, till the present, an analytically smooth on the whole time axis nonstationary solution of the three-dimensional (3D) NS equation has not been found and even the corresponding theorem of the existence and uniqueness of such solution has not yet been proven [1] .
Actually, up to date in hydrodynamics only a few exact solutions are well known, but, however, none of them is nonstationary and at the same time is defined in an unbounded (or with periodic boundary conditions) space [1] [2] [3] [4] . Only weak nonstationary solutions describing, for example, dynamics and interactions between singular vortex objects in the two-dimensional (2D) and three-dimensional (3D) ideal incompressible medium are known [3, 5, 6] . At the same time, for the 3D ideal medium flows there are some conceptual ideas on a possibility of the existence of nonstationary solutions of the EulerHelmholtz (EH) equation only on an unbounded interval of time 0 ≤ t < t 0 (see [1, 3, 6, 7] and the references given therein). This time value for incompressible medium is determined exclusively by the 3D effect of vortex filament stretching, which may lead to an explosive unbounded growth of the enstrophy (the integral of the squared a lot of interesting results, but at the same time led to a new, still unsolved, problem of the closure in the description of different moments of the vortex field, an approximated solution ofIntroduction 1 . The proper understanding of many processes in nature and engineering systems is closely connected with the existence of the fundamental and applied problem of turbulence, which remains unsolved for more than a century due to the absence of exact analytical nonstationary smooth vortex solutions of the Navier -Stokes (NS) equation. The development of the statistical approach to its solution gave vorticity over space) in finite time t 0 [1, 3, 6, 7] . On the other hand, known are the exact stationary modes of flows of the viscous incompressible medium in the form of the Burgers and Sullivan [3] vortices for which this, potentially dangerous with respect to appearance of singularity, effect of the vortex filament stretching is accurately compensated by the effect of the viscosity. For these solutions, however, a convergent integral of energy over the entire unbounded space does not exist.
2. As a result, for almost two hundred years (since 1827-1845), open remains the issue on the existence of smooth nonstationary divergent and divergent-free solutions of the 3D NS equation in an unbounded (or with periodic boundary condition) space and on an unbounded interval of time [8] [9] [10] [11] [12] . And the significance of this problem is determined not only by mathematical, but also by practical interest, owing to both the fundamental and applied problem of predictability in hydrometeorology and other related fields that might be the case with the applications of the methods utilized for the NS equation computational solution [9, 10] .
Therefore, in 2000 the problem of the existence of a smooth nonstationary vortex solution of the 3D NS equation on an unbounded interval of time was included by Clay Mathematics Institute into the list of the seven fundamental Millennium Prize problems under number six [8, 9, 11, 12] . However, at the same time, in [8] it is proposed to consider this problem solution not for the full NS equation [4] , but only for the equation, derived from it in assumption that the divergence of incompressible medium velocity field is equal to zero. Evidently, such a definition a priori assumes that for divergent flows (having a nonzero velocity field divergence) the full NS equation obviously cannot have smooth solutions on an unbounded time interval. Actually, in [12] written is the following: "The Millennium Prize problem refers to incompressible flows, as it is known that the compressible ones behave disgustingly". Thereupon, an example of appearance of the shock wave in compressible medium when an object moves therein with a velocity higher than the velocity of sound in this medium is given in [12] . However, it is clear that the viscosity forces do not allow for real singularity for any flow characteristics, that, as a result, does not exclude a possibility of the existence of smooth divergent solutions of the full NS equation.
3. Up to date, as we know, a direct proof of impossibility of the existence of smooth divergent solutions of the full NS equation has not been obtained yet, and therefore the problem formulation in [8] allows in full a generalization for the case of divergent compressible medium flows that is the matter under consideration in this paper.
Actually, in the present paper on the basis of the theory [13] found is a new analytical nonstationary vortex solution of the full 3D NS equation which because just to the finiteness of the viscosity forces (which are modeled by adding of the velocity field of the random Gaussian delta correlated in time to the velocity field is determined in the form [14] :
Let us note that in [14] ) by time t * ≥ t 0 , when q = 1 is instead of the condition q ≥ 3 of the theorem in [14] . The finite value of the velocity field divergence corresponds to the obtained NS equation analytical solution, that indicates an inconsistency of the above "quasi evident" a priori assumption on the absence of smooth divergent 3D vortex solutions of the full NS equation. The noted method for taking into account the viscosity is a particular example of turbulence modeling, when instead of a random force a random velocity field is entered [15] . In [15] , however, treated is only the spatially
inhomogeneous large-scale random velocity field and excluded is the drift part of this velocity which depends only on time. At the same time, just the averaging over the random velocity field, which depends only on time, provides the proper modeling of the effective viscosity (in assumption that this velocity is Gaussian and delta -correlated in time) in the present paper. Besides, it is important that this method for modeling the viscosity effect does not change the structure typical for viscosity force v F  , which is entered into the NS equation and, as an example, for the incompressible medium, having the form Actually, it is well known [15] , that the existence of a NS equation solution is proven in case if to the conventional viscosity force added is a member which is proportional to a higher derivative (of the velocity of flow u  ) of the form (see [16, 17] ) and which is responsible for changes of the viscosity force structure typical for the initial NS equation. Besides, it is shown that an elimination of the singularity of the solutions of the EH, RH and NS equations takes place even in case of an introduction of a sufficiently great coefficient of external friction μ, satisfying the condition (5.3) and corresponding to the substitution in the NS equation.
The new solution of the 3D NS equation is found under the condition of
the zero total balance of normal stresses caused by pressure and the viscosity of the compressible medium divergent flow that, as shown in paragraph 2 hereof, corresponds to the sufficient condition of positive definiteness of the integral entropy growth rate. It allows reducing the NS equation solution to the solution of the 3D analog of the Burgers equation, and then to the solution of the 3D RH equation and its generalization for the case of taking into account the viscosity force (the external friction or the above effective friction related to the random velocity field). Let us also note that in general case the vortex solutions of the 3D RH equations coincide with the 3D EH equation solutions for describing the ideal compressible medium vortex flows with the nonzero velocity field divergence [10, 13] .
In fact, all real media are more or less compressible, and their flows should be described just by the divergent solutions of the full NS equation. On the other hand, the divergent flows for a conditionally incompressible medium may also correspond to the presence of distributed sources and drains, modeling of which is successfully used in relativistic and non-relativistic hydrodynamics [18] [19] [20] [21] .
4. Let us notice that in [22] obtained is also an exact solution of the 3D RH equation, which describes, however, only in terms of the Lagrangian variables, an explosive evolution with time for the matrix of the first derivatives of the velocity field. It does not provide a possibility for obtaining on its basis an exact solution of the 3D EH equation for the vortex field, as it has been performed in [13] in the Eulerian representation of the solu-
tion. At the same time, the present paper shows that the obtained in [13] exact solution of the 3D RH equation for the velocity field (see formula (3.7) below) in the Lagrangian representation gives for the evolution of the matrix of first derivatives of the velocity field an expression (3.14), which exactly coincides with the formula given in [22] (see formula (30) in [22] ). Also found are new analytical solutions for the evolution of vortex intensities and helicity of the Lagrangian fluid particle in the 1D and 3D cases. In [23] considered is the similar in structure form of the EH equation solution (see formula (23) in [23] ) on the basis of an application of a combination of the Eulerian and Lagrangian descriptions in the representation of the vortex lines. However, it does not permit to explicitly describe the peculiarities (including the enstrophy singularity) of the evolution with time for vorticity. The discovered herein description of the evolution vorticity in the Lagrangian representation for the 2D and 3D case (see (4.4) и (4.5)) may be considered as a concretization of the obtained in [23] form of the EH equation solution for the case of the inertial fluid particles motion.
Besides, herein specified is a new necessary and sufficient criterion for the realization of the explosive singularity (collapse) in a finite time (see (3.11) , (3.12) ) for the nonviscous RH and EH equation solutions in the 1D, 2D and 3D cases. At the same time, in [22] given is an integral criterion in the form of (3.13) (see formula (38) in [21] ), which determines only the sufficient condition for the realization of a solution collapse. Besides, for example, for the case of the ini-tial divergent-free velocity field, the collapse is possible only according to the necessary and sufficient criterion (3.12), but it cannot be established from the criterion (3.13). At the same time, from the completed in [22] consideration of the explosive mode for the 3D RH equation solution made is a conclusion about impossibility of extension of this solution by an infinite time in the Sobolev space Н 2 (R 3 ), that differs from the above mentioned result indicated herein.
In the 2D case we have an exact correspondence between the criterion (3.11) and the similar criterion given in [24] (see formula (9) 5. An important result of the present paper is obtaining of the closed description of the with-time evolution of enstrophy and any higher vortex field moments, as well as the velocity field in the 2D and 3D cases. It is achieved on the basis of the corresponding analytical solution of the EH, RH and NS equations both for the case of the zero viscosity and the case with taking into account the external friction or the effective viscosity. As a result, not approximately, as usual, but exactly solved has been the problem of the closure in the theory of turbulence, which remained unsolved for a long time, despite multiple attempts for searching at least for its approximate solution [1] . Herein we have succeeded in finding the solution due to establishing a relatively simple and clear dependence on the initial condition for the obtained exact EH and RH equation solution for the velocity field (3.7) and the vortex field ((4.1) and (4.2)), which is absent, for example, in the well known exact Burgers equation solution, obtained with the use of the nonlinear Cole -Hopf transformations.
In particular, due to this fact, based on the exact solution (4.2), obtained can be an estimation for the integrals of the vorticity field in the 3D case close to the moment of solution singularity:
when m = 1, 2, 3... . Thus, the following inequality is evident:
It demonstrates a strong intermittency of the vortex field in the vicinity of singularity. Let us note, that usually the inequality actually, is regarded to be true under a strong vortex intermittency [15] , but in the past it was impossible to derive it from the exact solution of the closure problem in the theory of turbulence, as it was done, when obtaining the estimation (В.3). 6. In conclusion hereof, based on an analysis of the exact closed solution of the enstrophy balance equation (5.6) and the rate of integral kinetic energy change in (6.1)-(6.4), discussed is a possibility of the existence of not only divergent, but also smooth divergent-free NS equation solutions on an unbounded time interval.
The Navier-Stokes (NS) and Euler-Helmholtz (EH) equations
The equation of the motion of the compressible medium may be written as follows [4] :
It follows from the form of the second member in the right side (1.1) that for the viscous compressible divergent flow the normal stresses are determined not only by pressure, but also by the velocity field divergence. In (1.1.1), (1.2) u i -is a velocity of medium; in repeated indices implied is a summation from 1 to n (where n -is dimensionality of space, and later treated will be the cases, when n = 1, 2, 3), а р, ρ, η, ζ -is a pressure, a density, the constant coefficient of the viscosity and the constant coefficient of the second viscosity of medium, respectively [4] .
For the incompressible medium with a constant density ρ = ρ 0 from equation (1.1), in the 3D case (when n = 3) after curl operation from left and right sides, the following Euler -Helmholtz (EH) equation is obtained:
In (1.3) rotu ω =   , and ν = η∕ρ 0 = constis a coefficient of molecular kinetic viscosity.
For the case of the compressible medium, the equation (1.3) also takes place, but only if η∕ρ = const and the curl from the second member in the right side (1.1) is equal to zero. In particular, it occurs in the case if the second member in the right side is equal to zero (1.1) that corresponds to the zero total balance of the normal stresses produced by pressure and viscosity of the divergent medium flow.
In 2. Energy and entropy balance equations 1 . Usually, when considering the system of four equations (1.1), (1.2) for five unknown functions, introduced is an additional condition of a relation (an equation of the medium state) between density and pressure in order to make equal the number of the equations and the number of the unknown functions. The representation of the equation of state for a nonequilibrium vortex flow needs to be specified. Instead of this, for the closure of the system (1.1), (1.2) usually utilized is an approximation of the velocity zero divergence for the incompressible medium, that is reasonable, in particular, in case of relatively lower (if to compare with sound velocity) medium motion velocities.
Let us derive a similar equation, which closes the system (1.1), (1.2) for the compressible medium divergent flow and which will substitute the condition of equality to zero of the velocity field divergence for the incompressible fluid flow.
For this purpose, we obtain the energy and entropy balance equations which follow from (1.1), (1.2) as well as from the conventional thermodynamic relations [26] . 
as follows:
For the incompressible viscous medium, the divergent-free flow formula (2.5) exactly coincides with the formula (16.3) in [4] , and it serves as its generalization for the case of the compressible viscous medium flow. To derive the equation (2.5) it is enough to scalarly multiply the equation ( , add the obtained expression and integrate over the entire space.
Let us notice, that in case of an ideal (nonviscous) medium, from (2.5) it follows that integral kinetic energy is an invariant only for the divergent-free flows, and for the divergent flows as an invariant should be only the total integ ral energy conservation of which is assumed to be for the viscous medium, too [4] .
Let us derive an equation of the total energy balance for the viscous compressible medium and the corresponding equation of entropy balance, on the basis of the equations (1.1), (1.2), (2.1) and (2.4). As opposed to the derivation given in [4] , let us immediately use the equation (2.1) written taking into account the above equality Ф = Ф 0 = const. As a result, considering (2.1), we have the following from (2.4):
In the equation (2.6), the second member in the right side, taking into account (1.2), is convenient to represent in the form At the same time, from (1.1), (1.2) and (2.6) we obtain the following total energy balance equation:
, As in [4] , from (2.7), taking into account the requirement of equality to zero of the time-related derivative of the integral total energy we can write the following entropy balance equation:
where expression B is given in (2.7). The energy and entropy balance equations (2.7), (2.8) do not coincide with the equations given in [4] in the formula (49.3) and (49.4), respectively. However, from the balance equation (2.7) we may obtain exactly these equations (49.3), (49.4) and the given in [4] integral entropy balance equation (49.6) as well. For this purpose, in (2.7) we should use instead of the equation (2.6) its equivalent representation (applied in [4] without taking into account (2.1), but assuming the equality Ф = Ф 0 = const). It is more significant that, in addition thereto, to provide the coincidence of (2.7) with (49.3) in [4] , the pressure gradient in (2.7), according to [4] , should be expressed in the form of which follows from the thermodynamic relation (2.3) (if to add member dp∕ρ). to the left and right side (2.3)). Such thermodynamic representation for the pressure gradient which enters into (2.7) (and in (1.1)), corresponds to the conventional representation of pressure, which completely describes normal stresses for the compressible and incompressible medium only in case of the zero viscosity. It does not correspond to that new representation of pressure, which appears just in case of description of the viscous compressible hydrodynamics in (1.1) due to appearance of additional normal stresses, proportional to the velocity field divergence (see [4] page 275).
This statement on incompletely adequate representation of the pressure gradient (in formulas (2.7) and (1.1)) on the basis of the application of the thermodynamic relation (2.3) is further confirmed by the obtained in next clause fundamental relation (2.10) between the rates of with-time change of the integral entropy and the integral kinetic energy. Actually, the relation (2.10) immediately follows from (2.5) and the integral entropy balance equation, written just in the form of (2.9) on the basis of (2.8). On the other hand, this relation (2.10) obviously cannot be obtained from (2.5) and the integral entropy balance equation in the form given in [4] (see (49.6) in [4] ).
4. From the entropy balance equation (2.8), the integral entropy balance equation in the given below form follows (for simplicity's sake, herein as well as in (2.7) and (2.8) we do not use members, which describe flows generated by the temperature gradient): 
The balance equation (2.9), as already noted in the previous clause hereof, significantly differs from the integral entropy balance equation given in [4] (see formula (49.6) in [4] ). From (2.9) and (2.5), in case of constant temperature T = T 0 in (2.9), it immediately follows that the given fundamental relation is exactly satisfied:
(it is also given in [4] page 422) between the rate of the mechanical energy change and the rate of the integral entropy growth. The expression for the rate dE ∕ dt, given in formula (79.1) in [4] , is not derived immediately from (1.1), (1.2), as it is done for the equation (2.5), but entered only on the basis of the relation (2.10), resulting from the presented in [4] integral entropy balance equation (49.6). At the same time, it is clear, that it is just the formula (2.5) for value dE ∕ dt that provides a generalization of the formula (16.3) in [4] for the case of the compressible medium divergent flows, and it is not the formula (79.1), as stated in [4] without substantiation of derivation (79.1) on the basis of the Navier -Stokes equation (1.1) and the continuity equation (1.2).
Thus, it is evident from (2.5) and (2.9), that the negative definiteness of the integral kinetic energy dissipation rate and the corresponding positive definiteness of the integral entropy growth rate are possible in the compressible medium divergent flows only under condition of vanishing the second member in the right side (2.5) and (2.9), when the following relation is satisfied:
The equation (2.11) demonstrates that the rate of decrease in the divergent flows integral kinetic energy in (2.5) is determined by only viscous dissipation, as it is the case with the divergent-free flows (see (16.3) in [4] ). When satisfying the equation (2.11), the positively determined value of the rate of the integral entropy growth in (2.9) is found to be significantly less than the growth rate of the integral entropy given in formula (49.6) in [4] . Actually, in (49.6) there is a member present, which is proportional to the second viscosity coefficient, and in (2.9) such a member is absent under condition (2.11). The relative decrease in the kinetic energy dissipation rate in (2.5), if to compare with the expression (79.1) in [4] , corresponds to the said entropy growth rate decrease in (2.9) under condition (2.11). At the same time, at least a similarity to the minimum entropy production by I. Prigogine (see in [10]) takes place.
Thus, for the compressible medium divergent flows formulated is an additional equation (2.11), which closes this system (1.1), (1.2), based on the requirement of the positive definiteness of the integral entropy growth rate in (2.9) and the negative definiteness of the integral kinetic energy dissipation rate in (2.5). Therefore, the equation (2.11) for the compressible medium divergent flows must substitute the condition of the nondivergency, usually applied for the closure of the system (1.1), (1.2) in case of the incompressible medium approaching. In this case, the system (1.2), (3.1) is already closed and describes the evolution of the density and the medium inertial motion velocity field with decaying available, which should be attributed only to the action of the shearing viscous stresses, corresponding to the nonzero right side of the equation (3.1).
If in (3.1) the viscosity coefficient is equal to zero, from (3.1) we obtain the n-dimensional RH equation, for which in [13] obtained is an exact vortex solution, considered further and generalized for the case of taking into account the external friction or the effective viscosity. Let us notice that, as opposed to the given herein and in [13] consideration of the vortex solutions, previously studied was only a vortex-free solution of the equation (3.1), which corresponds to the potential flow and which is obtained when using the modification of the nonlinear Cole -Hopf transformation [27, 28] .
Suppose that in (3.1) carried out is the substitution u i → u i + V i (t), where V i (t) is a random Gaussian delta-correlated with-time velocity field, for which the following relations take place:
In (3.2) δ ij -is the Kronecker symbol, δ -is a delta function of Dirac -Heaviside, and the coefficient ν characterizes the viscosity force effect. In general case, it may depend on time, describing the effective turbulent viscosity, but also it might coincide with the constant coefficient of the kinematic molecular viscosity, when the considered random velocity field corresponds to molecular fluctuations. Let us consider only the case, when the said coefficient in (3.2) is constant, but at the same time remains sufficiently great in value, so that we have the following inequality which allows neglecting the member in the right side (3.1):
where min (ρ) -is an absolute minimum of the medium density value in space and time. The substitution in (3.1) with an introduction of the random velocity field, as already mentioned in Introduction hereof, corresponds to the applied in [15] method for obtaining the stochastic NS equation not at the expense of the random force application, but by adding the random velocity to the velocity of that field, which enters into the conventional deterministic NS equation. Herein, as opposed to [15] , considered is the case, when such random velocity field depends only on time (in [15] such velocity field is called a drift part of the large-scale inhomogeneous random field) and its accounting is equivalent to an introduction of the volume viscosity force, which coincides in its structure with the conventional friction force in the NS equation.
From the equation (3.1), upon averaging with due consideration of (3.
The equation (3.4), also without condition (3.3), may correspond to the equation (3.1) as well, if together with (3.5) the following equalities hold (see [31] ) and if in (3.1) the substitution is carried out before. Such disconnecting of the correlations is possible in case of an exact disintegration of the time scales related to the large-scale inertial motions and the motions with the typical scale of the viscous dissipation [23] .  -is an arbitrary smooth initial velocity field. The solution (3.7) satisfies the equation (3.6) only at times for which with any spatial coordinate values the value of the matrix Â determinant is positive, i.e.det Â > 0. Therefore everywhere we shall take it into account, and, respectively, the modulus sign when writing det Â, will not be used, unless otherwise specified. The solution (3.7) only in case of the initial velocity field potentiality is a potential vortex-free one and corresponds to the zero vortex field for all subsequent time moments. On the contrary, it is the vortex one and determines the vortex field evolution in case of a nonzero initial vortex field (see the next paragraph herein). Further, let us discuss the vortex solutions only (3.7). Let us note, however, that in [24] obtained is just the potential solution of the 2D RH equation (3.6) is the matrix inverse to the matrix А km .
After averaging over the random field B i (t) (with Gaussian density of probabilities distribution) from (3.7) we can obtain the following exact solution of equation (3.4) (and the equation (1.1) under the condition (2.11)):
The averaged solution (3.10), as opposed to (3.7), is already arbitrarily smooth in any unbounded span of time change, and not only just under the condition of positivity of the matrix Â determinant.
3. Without taking into account the viscosity forces, when in (3.7) ( ) 0 B t =  , the smooth solution (3.7), as already noted, is determined only under the condition det Â > 0 [13] . It corresponds to the bounded interval of timewhere the value of the bounded minimum time of the existence of the solution t 0 is computed from the solution of the following algebraic equation of order n (and further minimization of the obtained expression, which depends on spatial coordinates, by these coordinates):
where det Û 0 -is the determinant of the 3D matrix U 0nm = ∂u 0n ∕ ∂x m , and is the determinant of the similar matrix in the 2D case for variables (x 1 , x 2 ). At the same time det Û 013 , det Û 023 -are the determinants of the matrices in the 2D case for the variables (x 1 , x 3 ) and (x 2 , x 3 ), respectively.
Let us notice, that in the 2D case (3.11) exactly coincides with the collapse condition, obtained in [24] in connection with the problem оf front flame propagation, studied on the basis of the Sivashinsky equation (В.2).
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; It means that the singularity (collapse) of the smooth solution never occurs in case when the initial velocity field is other than zero only at negative values of the spatial coordinate x 1 < 0. The value of the wave breaking time t 0 is computed similarly at n > 1, too. Thus, for (3.11) in the 2D case (with the initial velocity field under the zero divergence) for the initial function of the flow in the form the minimum value of the time of the existence of the smooth solution is equal to (3.10) For the considered above example from (3.12), the inequality follows, in case when it is satisfied for n = 2 there is a real positive solution of the quadratic equation in (3.11), for which found is the given above minimum value of the collapse time On the contrary, if the initial velocity field is defined in the form of the finite function with a carrier in the domain the inequality (3.12) breaks down, and appearance of the singularity in a finite time becomes impossible, and the solution remains smooth for an unbounded time even without taking into account the viscosity effect.
The condition of the existence of the real positive solution of the equation (3.11) (see, for example, (3.12)) is necessary and sufficient for the realization of singularity (collapse) of the solution as opposed to the sufficient, but not necessary integral criterion, proposed in [22] (see formula (38) in [22] ) and written in the following form:
Actually, according to this criterion, proposed in [22] , the solution collapse is impossible for the case when the initial velocity field is divergent-free, i.e. At the same time, the expression (3.14) precisely coincides with the given in [21] formula (30) for the Lagrangian with-time evolution of the matrix of the first derivatives of velocity that satisfies the 3D RH equation (3.6) (in [22] the equation (3.6) is considered only at ( ) 0 B t =  ). In particular, in the 1D case at n = 1 from (3.7) and (3.8) we obtain the following particular case of formula (3.14) in the Lagrangian representation:
where а -is the coordinate of a fluid particle at the initial moment of time t = 0. The solution (3.15) also coincides with the formula (14) in [22] and describes a catastrophic process of the collapse of a simple wave in a finite time t 0 , the estimation of which is given herein above on the basis of the equation 
2), (3.7) corresponds to the following exact expression for helicity:
The representations for the 3D vortex (4.2) and velocity (3.7) fields exactly satisfy the 3D Helmholtz equation (1.3) , where, as mentioned above, it is necessary to remove the last member in the right side (1.3) and enter the random velocity field ( ) where From (4.4) -(4.6) it follows that for the Lagrangian fluid particle the vortex value singularity in the 2D and 3D cases, as well as the helicity singularity, take place at t → t 0 , when
and the finite time value of the existence of the corresponding smooth fields is determined by the Lagrangian analog of the condition (3.11). At the same time, it follows from (4.5) и (4.6) that the 3D effect of vortex filaments stretching leads to only not an explosive, but a weaker power-raise-related increase in the vortex and helicity values as opposed to the catastrophic process of the vortex wave collapse in a finite time t 0 just for the divergent flow of the compressible medium. Let us notice that in [23] (see formula (23) in [23] ) obtained is the representation of the EH equation solution (1.3) (at zero viscosity) in the following form:
In (4.7) J = det (∂x n ∕ ∂a m ) is the Jacobian transformation to the Lagrangian variables a  . At the same time, 0 ( ) a ω   is a new Cauchy invariant (coinciding with the initial vorticity) which is characterized by the zero divergence where n V  is the velocity component being normal to the vorticity vector so that for the component we have
. As opposed to (4.1) and (4.2), the expression (4.7) does not give an explicit representation for the EH equation solution, since in (4.7) no definite relation for the Jacobian J and the vector R  is provided. At the same time, there exists a structural correspondence between (4.7) and (4.1), (4.2), and for case of the Lagrangian fluid particles motion due to inertia, at least, for the Jacobian in (4.7) may be used the explicit representation J = det Â, where det Â is determined from (3.11).
5. Equation of enstrophy balance and due consideration of external friction 1. Disregarding the viscosity force (i.e. without averaging in (4.1) and (4.2) over the random field ( ) B t  ) from (4.1), (4.2) it follows that the enstrophy values conforming with them in the 2D and 3D cases allow for an exact closed description and take on the form [14] :
and and ,
To write the expressions indicated in (5.1) and (5.2) above, there has been no necessity to solve the closure problem which usually exists in the theory of turbulence. In our case, we succeed in avoiding this problem due to a comparatively simple representation of the exact solution of the Helmholtz nonlinear equation utilized for the description of the vortex flow of an ideal compressible medium. The expressions (5.1) and (5.2) tend to approach infinity in a finite time t 0 , determined from the solution of the algebraic equation (3.11) and subsequent minimization of this solution with the use of the space coordinates.
Using the exact solution of the EH equation in the form of (4.1) and (4.2), we can obtain a closed description of the with-time evolution not only for enstrophy, as it was the case with (5.1) and (5.2), but also for any other higher moments of a vortex field.
For example, in the 2D case, from (4.1), taking into account (3.8), we will obtain:
In Introduction hereof, presented has been the estimation (В.3) for a relation of different moments in the 3D vortex field that was obtained on the basis of the expressions of the similar type from (4.2) and (3.8).
To obtain (В.3), utilized is also the estimation
− , which is realized in the limit t → t 0 . The quantity of the collapse minimum time t 0 is computed in this case on the basis of (3.11).
2. Let's take into account the external friction now. For this purpose, in the equation (1.3) we should replace
. In doing so, from the expressions (3.7),(4.1) and (4.2) we can obtain an exact solution, which is found from (3.7), (4.1) and (4.2) by carrying-out the substitution of the time variable t for a new variable Changes of the new time variable τ take place now within the finite ranges from τ = 0 (for t = 0) to τ = 1 ∕ μ (at t → ∞). It leads to the fact that in case, when under the given initial conditions the following inequality holds, then the value det Â > 0 in the denominator (5.1) and (5.2) cannot go to zero at any moment of time, since the necessary and sufficient condition for realization of the singularity is no longer met for any instant of time (3.11) , where the substitution t → τ(t) should be made.
Subject to the condition (5.3), the solution of the 3D EH equation is smooth in an unbounded span of time t. The corresponding analytical divergent vortex solution of the 3D NS equation (where the relation (2.11) for pressure should be taken into account and where carried out should be the substitution of the first term in the right side (1.1) also remains smooth at any t ≥ 0 subject to the condition (5.3). We should also notice that when the values of parameters are formally coinciding μ = -γ 0 (see the Sivashinsky equation (В.2)), the equality τ(t) = b(t) takes place subject to the condition that the singularity has been realized (3.11) with n = 2 and in accordance with the solution of the Sivashinsky equation in [24] .
3. It should be noted that for flows of the nonviscous (ideal) incompressible fluid with the zero divergence of the velocity field an explosive growth of enstrophy is characteristic of the 3D flows only, and enstrophy for the 2D flows should be viewed as an invariant. A different situation arises with the divergent flows of the compressible medium under consideration herein.
Actually, for the divergent flows of the nonviscous medium, the equations of enstrophy balance in the 2D and 3D cases, which follow from the EH equation (1. 3) (at ν = 0 in (1.3)), hold true as given below:
It can be seen from (5.4) that in the 3D case the evolution of enstrophy Ω 3 with time is determined not only by the effect of stretching of vortex filaments (by the first term to the right), but also by the second term as well, determined by the finiteness of the value of the velocity field divergence. As to the 2D flow, the with-time evolution of enstrophy Ω 2 occurs only, if the flow velocity field divergence is other than zero. In order to solve (3.7), the value of the divergence of the velocity field is of the form [13]:
An integral over the entire unbounded space from the right side (5.5) is equal to zero by virtue of the fact that the identities (3.9) hold and subject to the condition of becoming zero at infinity for the initial velocity field. As a result, for the solution in question, the equality 0
takes place, which is responsible for the fulfillment of the law of conservation of full mass of fluid and an exact mutual integral compensation of intensities of the distributed sources and drains.
For the 3D case in (5.4), based on (3.7), (3.8), (3.9), (4.2) and (5.5), we can formulate exact expressions for the first term and the second one in the right side (5.4), which describe the contribution to a growth rate of enstrophy due to the effect of stretching of vortex filaments and due to the nonzero divergence of the velocity field, accordingly. It is not difficult to see that the same expressions for the above two terms can be also obtained by direct differentiation of the expression for enstrophy in (5.2) that results in formulation of an equality as follows:
In (5.6) the first and the second terms in the right side are exactly in conformance with the corresponding first and second terms in the right side (5.4). From (5.6) it follows that for the non-viscous case both of these terms tend to approach infinity at t → t 0 , when det Â → 0 according to (3.11) . The first term in the right side (5.6) corresponds to the effect of stretching of the vortex filaments. Its expression under integral sign is proportional to the value O (1 ∕ det Â). It is evident that it makes a relatively lesser contribution to the rate of an explosive growth of enstrophy as against the second term in (5.6), the expression of which under the integral sign is proportional to the value O (1 ∕ det 2 Â) and which exists only for the case with the divergent flows with a nonzero divergence of the velocity field.
Since, as noted above, taking into account the viscosity (in particular, under due consideration of the external friction, when the condition (5.3) is met) leads to a regularization even of divergent solutions of the NS equation, it might be expected that it is also possible for solutions with the zero-divergence. As for them, a similar regularization, probably, would be possible because of a comparatively weaker (in the above mentioned sense) effect of stretching of the vortex lines as against the process of a wave collapse in the divergent flow. This issue will be also treated in the next paragraph herein.
4. From (2.11) and (5.5), upon averaging the Gaussian probability distribution for random field B k (t) we obtain with due account of (3.2) the following representation for pressure An expression for the density conforming with the equations (1.2) and (3.6) takes the form [12] :
Upon averaging in (5.8) with due consideration of (3.2) we can write an expression which is smooth at any times for the medium density as follows By replacing ρ → ω, ρ 0 → ω 0 in (5.9) we obtain an expression for the 2D vortex field, since the expressions (5.8) and (4.1) have the same structure. 6 . On the existence of divergentfree solutions of the NS equation
The found smooth divergent solution of the NS equation (1.1) in the form (3.10), (5.7), as stated above, by virtue of the fact that there is its analytical representation for arbitrary smooth initial conditions is just the proof that the solution of the NS equation really is existent and unique. It is of importance that in order to model the viscosity effect, it is precisely the random Gaussian delta-correlated with-time velocity field that has been introduced for that purpose, that leads to an effective viscosity force, which is structurally exactly in conformance with the viscosity force in the NS equation, as distinct from the derivatives treated in [16, 17] , which are higher than the Laplacian, in computation of the viscosity force in the NS equation.
Let us perform a comparative analysis of integral values for the divergent 
and divergent-free flows which characterize the evolution of the integral kinetic energy with time, the finiteness of which in [8] is the major criterion supporting the evidence of the existence of a solution of the NS equation.
For this purpose, let us consider the equation of the balance of the integral kinetic energy (2.5) on the condition (2.11) that has replaced the assumption of the zero divergence of the velocity field and that has provides the closure of the system of the equations (1.1), (1.2) for the case of the divergent flows of the compressible medium. In doing so, from (2.5) we can write an expression as given below
The equation of the balance (6.1) in its form is exactly coincides with the equation of the balance of the integral kinetic energy for the divergent-free flow of incompressible fluid, as indicated in [4] (please, see formula (16.3)). Unlike the formula (16.3) from [4] , there is in the formula (6.1) just the divergent velocity field, which has the nonzero divergence and which describes the motion of the compressible medium. In this case, for the divergent flow, the functional F in (6.1) is connected with enstrophy by the following relationship:
As this takes place, for the divergent solution of the NS equation, the right side (6.2), with other conditions being equal, obviously exceeds the value of the functional F = F 0 = Ω 3 for the solution with the zero divergence of the velocity field.
For the obtained exact solution, the expression for enstrophy Ω 3 вin the right side (6.2) takes the form (5.2), and for the integral of the square of the divergence from (5.5) and (3.8) we arrive at an expression as given below:
From comparison of (6.3) and (5.2) it follows that in the vicinity if the singularity of the solution at t → t 0 (see (3.11) ) the values of the first and the second terms in the right side (6.2) are of the same order of magnitude.
Besides, for functional F in (6.1) let us make upper estimate with the use of the Koshi-Bunyakovsky inequality as follows:
According to (6.2) -(6.4), the divergent flows, with other conditions being equal, demonstrate obviously a higher value of functional F as against the divergent-free flows, for which the addend in the square brackets in the right side is absent (6.4) . From the preceding, it is clear that a conclusion must be made that the smooth divergent-free solutions of the NS equation are existent because of the fact of the proven existence of the divergent smooth solutions of the NS equation on an unbounded time interval with due consideration of the effective viscosity or external friction subject to the condition (5.3).
Conclusions
Therefore, in (3.10), (5.7) and (5.9) represented is the analytical solution of the NS equation (1.1) and the equation of continuity (1.2) for the divergent flows which have a nonzero divergence of the velocity field (5.5). From (3.10), boundedeness of the energy integral in the 3D case obviously follows, too, that meets the main requirement, when formulating the problem of the existence of a solution of the NS equation [8] . Besides, satisfied is the requirement specified in [8] for unbounded smoothness of solutions for any time intervals, when describing velocity and pressure fields. We should notice that for the found solution of the equation (3.7) even without averaging (for example, in the case ( ) B t  = 0) the energy integral remains finite for any finite moment of time, while at the limit t → ∞ energy also tends to approach infinity in a power-raise manner as O( t 3 ) (refer to (3.11) ). In this case, the solution (3.7), (4.2) can be extended by any finite time t * ≥ t 0 in the Sobolev space H 0 (R 3 ). It means that for the case with the ideal (nonviscous) medium the flow energy meets the requirement specified in [8] to prove the existence of the solution of the NS equation.
At the same time, however, the integral of enstrophy in (5.2) demonstrates an explosive unbounded growth (in a finite time t 0 , determined from (3.11)), when in case with the unique positive real root of the equation (3.11) . By this is meant that the obtained exact solu- ) by a time t * ≥ t 0 , i.e. even at q = 1 when defining the norm (В.1). Only considering the viscosity makes possible to avoid the said singular behavior of enstrophy and higher moments of a vortex field which is to say that there is a possibility of extending the solutions of the EH and NS equations for any t * ≥ t 0 in Sobolev space H q (R 3 ) even at any q ≥ 1.
In [7] , under formulating the problem of the existence of a solution of the 3D NS equation, it has been offered to impose restrictions to considering only cases of solutions with the zero divergence of the velocity field. Therewith in [7] noted is importance of treatment of those particular 3D flows, for which the effect of stretching of vortex filaments in a finite time may lead to a limitation on the existence of solutions of the NS equation in the small (im Kleinen) only. The reached conclusion that there are smooth divergent solutions of the 3D NS equation at the expense of considering even small viscosity bears witness to an admissibility of a positive solution of the problem of the existence of smooth divergent-free solutions on an unbounded interval of time as well. Really, as it has been established in (5.6), the effect of stretching of vortex filaments makes a considerably lesser contribution to the realization of the singularity of the solution than the effect of collapse of a vortex wave in the divergent compressible flow. This possibility is suggested by the inequality (6.4) as well as the equality (6.2), which determine the value of rate of change in the integral kinetic energy.
It should be also stressed that the exact solution of the EH and RH equations found in [13] gives a closed description of the with-time evolution for enstrophy and any higher moments of the vortex, velocity, pressure and density fields. The possibility of a closed statistic description for modes of turbulence without pressure (modeled with the linear 3D RH equation (3.6)) was mentioned first in 1991 in [13] . We should note that the paper by A.M.Polyakov [35] published in 1995 develops for the 3D RH equation with a random white-noise type force (Delta-correlated with time) a general theoretical field approach to the theory of turbulence and establishes a relationship between the breakdown of the Galilean invariance and intermittency. With this, however, only for 1D case found was a concrete solution of the problem of the closure in the form (refer to formula (41) in [35] ) of an explicit expression for distribution of probability w (x, y) of the value of velocity difference u at points being at a distance y from each other. This paper offers a fresh approach capable of considering also exactly pressure on the basis of which an analytical solution of the full NS equation for a flow of the viscous compressible fluid has been found. In doing so, actually, the main problem of the theory of turbulence has been resolved [1] , when the precise representation for a joint characteristic functional of the velocity and density fields (the pressure field in this case is uniquely defined from (2.11)) is provided. In the past, it was generally accepted that the main problem of the theory of turbulence in case with the compressible fluid could not be solved, and in [1] in this connection it was stated: "Unfortunately, this general problem is too difficult, and at present an approach to finding a full solution thereof cannot be seen." (please, refer to [1] P.177).
Utilizing the proposed exact solutions of the EH, RH and NS equations, modeling of turbulent modes can be provided, including modeling performed on the basis of the method of randomization of integrated problems of hydrodynamics offered by Е.А. Novikov [36] and developed in [10] . For this purpose, we must introduce a probability measure on ensemble of realization of the initial conditions, which should be treated in this case as random functions. The possibility established herein that a solution of the NS equation is existent is based on the fresh nonstationary analytical solution of the said equation that was said in the past to be unreachable [9, 13] . Following this way, it has been discovered that for the existence of the solution in an unbounded span of time it is just the viscosity that is required to be taken into account for this purpose. On the other hand, the issue on stability of the obtained solution should be treated on the basis of the available results which bear witness to a possibility of some destabilizing effects of the viscosity which may lead to a dissipative instability [37] [38] [39] [40] .
By this means, detected has been the mechanism of the appearance of the limitation in predictability and forecasting of a wind velocity field and impurity fields (affecting human health under the variable climatic factors of the environment) that can be realized, for example, with the numerical solution of the NS equation (for the divergent flows of compressible medium).
This mechanism is connected the truncation λ, typical for the high wave numbers or small scales that corresponds to entering of the external friction with the coefficient In this case, from the condition (5.3) it follows that only with selection of a sufficiently small scale of the truncation (where the value t 0 is computed in (3.11)) it is possible to avoid the explosive loss of the smoothness of the solution and the loss of predictability in a finite time t 0 even at the exactly defined initial data of the numerical forecasting based on the solution of the NS equation for compressible medium.
At the same time, actually the initial data are defined not accurately, but with a certain inevitable error. This may lead to breaking down the condition λ < λ th and loss of predictability in a finite time. In this regard, fascinating and intriguing is the relationship, as noted in [2] , between the nonrandom randomness of the Sinai billiards, the problem of predictability based on the NS equation solution and another problem of relative longevity of biological species closely related by their initial physical and physiological parameters (raven and crow etc.) that has been known since the Sir Francis Bacon's time.
